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Abstract: Given an F -manifold with eventual identities we examine what this
structure entails from the point of view of integrable PDEs of hydrodynamic type.
In particular, we show that in the semisimple case the characterization of eventual
identities recently given by David and Strachan is equivalent to the requirement that
E ◦ has vanishing Nijenhuis torsion.
Moreover, after having defined new equivalence relations for connections compat-
ible with respect to the F -product ◦, namely hydrodynamically almost equivalent and
hydrodynamically equivalent connections, we show how these two concepts manifest
themselves in several specific situations.
In particular, in the case of an F -manifold endowed with eventual identity and
two almost hydrodynamically equivalent flat connections we are able to derive the
recurrence relations for the flows of the associated integrable hierarchy. If the two
connections originate from a flat pencil of metrics these reduce to the standard bi-
Hamiltonian recursion.
Furthermore, using the geometric set-up proposed here we show how the recur-
rence relations of the principal hierarchy introduced by Dubrovin arise in this general
framework and we provide a general cohomological set-up for the conservation laws of
the semihamiltonian hierarchy associated to a semisimple F -manifold with compatible
connection and eventual identity.
Therefore, the point of view we propose, not only highlight the conceptual unity of
two well-known recursive schemes (principal hierarchy and classical bi-Hamiltonian)
but it also provides a far reaching generalization of these recursions that relies on the
1
presence of an eventual identity.
1 Introduction
In the last twenty years, the interplay between the presence of a Hamiltonian frame-
work and integrability on one hand and geometric structures on the other has been
the focus of an intense study. In particular, this has been pursued for a vast class
of systems of quasilinear PDEs, usually identified in the literature as systems of hy-
drodynamic type. Indeed, starting from the first pioneering works of Dubrovin and
Novikov it has become more and more apparent that the study of these systems leads
naturally to some classical problems in Riemannian geometry.
More recently, especially thanks to Dubrovin’s works, new light has been shed
on this area. Some geometric structures, the so called Frobenius manifolds that
were introduced in the study of topological field theory appear naturally within the
framework of integrable PDEs of hydrodynamic type.
Our paper belongs to this research area; however, pursuing a point of view already
introduced in [13] and [12], we will not follow the usual approach that emphasizes the
role played by Riemannian geometry and Hamiltonian structures. Instead, in the ap-
proach adopted here, the pivotal role is assigned to a class of symmetric connections,
not necessarily originating from a metric, defined on F -manifolds. The latter consti-
tute a class of manifolds introduced by Hertling and Manin to generalize Frobenius
manifolds.
To any F -manifold it is possible to associate integrable systems of hydrodynamic
type. It turns out that the integrability conditions for such systems correspond to
the following geometric condition [13]:
Rklmic
n
pk +R
k
lipc
n
mk +R
k
lpmc
n
ik = 0
which expresses a constraint combining the curvature Rijkl of the connection with
the structure constants cijk of the associative, commutative product ◦ defined on the
tangent spaces of F -manifolds.
More specifically, in this work we focus our attention to F -manifolds endowed
with additional structures or properties, namely the presence of eventual identities
or the zero curvature condition and we study how the presence of these structures
impacts the corresponding integrable systems of hydrodynamic type.
It turns out that the most interesting cases correspond to an F -manifold endowed
with flat connections that are “hydrodynamically equivalent” or “almost hydrody-
namically equivalent” in a quite peculiar sense, detailed in Section 6. Indeed, starting
from this class of F -manifolds it is possible to define recursively the flows of integrable
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systems of hydrodynamic type. In this way, one gets two recursion schemes: the first
one, that corresponds to “hydrodynamically equivalent” connections, is strictly re-
lated to the recursion scheme appearing in the principal hierarchy (see Section 9); the
second one, which corresponds to the case of two “almost hydrodynamically equiva-
lent” connections and the presence of an eventual identity E will provide us with a
generalization of the usual Lenard-Magri system, what we call a twisted Lenard-Magri
chain. This includes the classical bi-Hamiltonian recurrence as a special case.
Therefore, the point of view we propose, not only highlight the conceptual unity of
two well-known recursive schemes (principal hierarchy and classical bi-Hamiltonian)
but it also provides a far reaching generalization of these recursions that relies on the
presence of an eventual identity.
For the sake of readability, we detail the organization of the paper, highlighting
the results of each section. In Section 2 we recall an extension of the usual Fro¨licher-
Nijenhuis bicomplex to differential forms with value in tangent bundle. In the case in
which a manifold M is endowed with a flat connection ∇ and with a tangent bundle
endomorphism L with vanishing Nijenhuis torsion, this extension will provide a bi-
differential complex d∇, dL∇ on Ω
∗(M,TM) and in general the operator d∇ and dL∇
will be essential to express in an intrinsic way many of the constructions we are going
to perform.
In the brief Section 3 we review Tsarev’s theory of semi-Hamiltonian systems,
namely the class of integrable systems attached to the geometric structures we are
going to explore.
Section 4 deals with F -manifolds with an eventual identity E; after reviewing some
properties, we show that the recently discovered condition (see [1]) that characterizes
eventual identities among invertible vector fields is equivalent to the endomorphism
V := E ◦ having zero Nijenhuis torsion in the case the F -manifold is semisimple
and the eigenvalues of V are distinct. Moreover we prove that the condition that
characterizes eventual identity always implies that the corresponding endomorphism
V := E ◦ has zero Nijenhuis torsion.
In Section 5 we review the concept of F -manifold with compatible connection
and in particular we start to explore the interplay of this structure and the presence
of an eventual identity E. More specifically, we prove that under the condition of
semisimplicity of the F -manifold and of functional independence of the components
of E in the canonical coordinates for ◦, the canonical coordinates u˜i for ∗ and the
canonical coordinates ui for ◦ are related through a simple reparametrization u˜i =
u˜i(ui). Besides we show that we if write the endomorphism L := E ◦ in the canonical
coordinates for ∗, it is still diagonal with distinct eigenvalues. All our subsequent
investigations are heavily based upon these observations.
In the short but fundamental Section 6, we introduce the definition of hydrodynam-
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ically equivalent and hydrodynamically almost equivalent connections on a semisimple
F -manifold with eventual identity E. It turns out that hydrodynamically almost
equivalent connections are precisely those that define the same semi-Hamiltonian hi-
erarchy.
Section 7 deals with conservation laws for the semi-Hamiltonian hierarchy associ-
ated to a semisimple F -manifold with compatible connection ∇ and eventual identity
E. We show that the compatibility conditions for the equation defining densities
of conservation laws follows from the definition of compatible connection. Further-
more, in the case of an F -manifold with compatible flat connection, we identify the
recursion relations obeyed by densities of conservation laws and we prove that if the
F -manifold is endowed with a second flat connection compatible with the multiplica-
tive structure ∗ originating from E, then these densities of conservation laws obey an
additional system of recursion relations.
In Section 8 we explore in detail the cohomological nature of the equations de-
termining the symmetries for a semi-Hamiltonian hierarchy; in particular the results
obtained will be fundamental in constructing in Section 10, a twisted Lenard-Magri
chain associated to a semisimple F -manifold with eventual identity E and two almost
hydrodynamically equivalent connections ∇(1) and ∇(2). We also analyze the special
case that arises assuming ∇ to be flat and the corresponding recursion relations that
appear to be those of the principal hierarchy. This analysis is completed in Section 9,
where the recursion relations of the newly obtained Lenard-Magri chain are compared
to those of the principal hierarchy.
The final Section 10 deals with building a twisted Lenard-Magri chain associated to
a semisimple F -manifold with eventual identity E and two almost hydrodynamically
equivalent connections ∇(1) and ∇(2). This chain constitutes a genuine generalization
of the classical bi-Hamiltonian recursion relations and it is essentially based on the
presence of an eventual identity E. We also show that when the two hydrodynam-
ically almost equivalent connections are associated to a flat pencil of metrics, the
corresponding twisted chain reduces to the classical bi-Hamiltonian scheme.
2 An extended Fro¨licher-Nijenhuis bicomplex
In this section we recall an extension of the usual Fro¨licher-Nijenhuis bicomplex to
differential forms with value in tangent bundle.
Recall the definition of operators d and dL on Ω
k(M):
(dω)(X0, . . . , Xk) =
k∑
i=0
(−1)iXi(ω(X0, . . . , Xˆi, . . . , Xk))+
4
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj], X0, . . . , Xˆi, . . . , Xˆj, . . .Xk),
where Xi(ω(X0, . . . , Xˆi, . . . , Xk)) denotes the action of the vector field Xi on the
function ω(X0, . . . , Xˆi, . . . , Xk),
(dLω)(X0, . . . , Xk) =
k∑
i=0
(−1)i(LXi)(ω(X0, . . . , Xˆi, . . . , Xk))+
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj]L, X0, . . . , Xˆi, . . . , Xˆj, . . .Xk),
where (LXi)(ω(X0, . . . , Xˆi, . . . , Xk)) indicates the action of the vector field LXi ob-
tained applying the endomorphism L to Xi and [Xi, Xj]L = [LXi, Xj] + [Xi, LXj] −
L[Xi, Xj]. According to the theory of Fro¨licher-Nijenhuis [8], if L is torsionless, namely
if
[LX,LY ]−L [X,LY ]−L [LX, Y ]+L2 [X, Y ] = 0 for any X, Y vector fields, (2.1)
then
d · dL + dL · d = 0 and d2L = 0.
Notice that (2.1) can be written alternative as
[LX,LY ] = L[X, Y ]L for any X, Y vector fields. (2.2)
We can extend the operators d and dL to differential k forms with value in TM .
The extension of d, d∇ is classical and is known in the literature as exterior covariant
derivative (see for instance [11]), while the extension of dL, dL∇ is a kind of “twisted”
exterior covariant derivative and it has not appeared before in the literature to the
best of our knowledge. Here the introduction of these operators is motivated by the
theory of integrability for systems of PDEs of hydrodynamic type.
We have the following definition for d∇:
(d∇ω)(X0, . . . , Xk) =
k∑
i=0
(−1)i∇Xi(ω(X0, . . . , Xˆi, . . . , Xk))+
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj], X0, . . . , Xˆi, . . . , Xˆj, . . .Xk),
where∇Xi denotes covariant derivative alongXi of the vector field (ω(X0, . . . , Xˆi, . . . , Xk)).
The following easy proposition summarizes its main properties:
Proposition 2.1 The following holds:
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1. The operator d∇ coincides with d when restricted to scalar valued forms.
2. If ω is a 0-form with value in TM , namely a vector field, then (d∇ω)(X) = ∇Xω,
where X is any vector field.
3. If the connection ∇ is flat, then d∇ ◦ d∇ = 0 identically.
Proof: The only point not completely trivial is the third one. To see this is true,
simply choose a coordinate system {x1, . . . , xn} in which ∇∂i = ∂i, where ∂i = ∂∂xi .
This is possible since the connection is flat. Now in this coordinate system, we write
the formula for d∇ω
(d∇ω)
l
i0...ik
=
k∑
j=0
(−1)j ∂ij (ωli0...ˆij ...ik) +
∑
0≤m<j≤k
(−1)m+j ωl
h i0...ˆim...ˆij ...ik
[∂im , ∂ij ]
h.
The second sum vanish identically because [∂im , ∂ij ] = 0, while the first sum is just
dωl, namely d applied to each single component of the vector valued form ω. So the
use of flat coordinates decouples the various components and d∇ acts on ω
l like d
would act on a collection of k-forms. So
(d∇ω)
l
i0...ik
= (dωl)i0...ik ,
in flat coordinates and from this it follows immediately that d∇ ◦ d∇ = 0 identically.
For a coordinate free proof and for more information see [11].
We can obtain a new differential dL∇ twisting d∇ with a (1, 1)-tensor field, namely
an endomorphism of the tangent bundle. We have the following
Definition 2.2 Given a (1, 1)-tensor field on a manifold M endowed with a connec-
tion ∇, we define the L-exterior covariant derivative dL∇ acting on Ω∗(M,TM) as
follows
(dL∇ω)(X0, . . . , Xk) =
k∑
i=0
(−1)i∇LXi(ω(X0, . . . , Xˆi, . . . , Xk))+
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj]L, X0, . . . , Xˆi, . . . , Xˆj, . . .Xk).
This definition can obviously be extended to forms with value in sections of a vector
bundle E over M as long as we have a connection ∇E that enables us to covariantly
differentiate sections of E over M (while L is always required to be an endomorphism
of TM).
The following proposition summarizes the main properties of dL∇.
Proposition 2.3 For the L-exterior covariant derivative the following holds:
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1. dL∇ coincides with dL when restricted to scalar valued differential forms.
2. If ω is a 0-form with value in TM , namely a vector field, then (dL∇ω)(X) =
∇LXω, where X is any vector field.
3. If L is the identity endomorphism dL∇ coincides with d∇.
4. If the connection ∇ is flat and if L has zero Nijenhuis torsion, then dL∇◦dL∇ = 0
identically.
5. The operator dL∇ is linear in L, namely if M and L are two (1, 1)-tensor fields,
then d(L+M)∇ = dL∇ + dM∇.
Proof: The first, second and third items are immediate. For the fourth item,
we reason as follows. Choose a flat coordinate system {x1, . . . , xn} where ∇∂i = ∂i.
Then in this coordinate system ∇L∂i = ∇Lj
i
∂j
= Lji∇∂j = Lji∂j . Now let’s compute
(dL∇ω)
l
i0...ik
in this coordinate system, where ω ∈ Ωk(M,TM). We have
(dL∇ω)
l
i0...ik
=
k∑
j=0
(−1)jLpij∂pωli0...ˆij ...ik +
∑
0≤m<j≤k
(−1)m+jωl
h i0...ˆim...ˆij ...ik
[∂im , ∂ij ]
h
L,
where [∂im , ∂ij ]
h
L denotes the h component of [∂im , ∂ij ]L. Again, this is just the coor-
dinate expression of dL acting separately on each form ω
l, the vector components of
ω. So we can think that in flat coordinates a vector valued form is just a collection
of forms. Since L has zero Nijenhuis torsion, we know that dL ◦ dL = 0 identically.
Moreover since we proved
(dL∇ω)
l
i0...ik
= (dLω
l)i0...ik ,
in flat coordinates, then dL∇ ◦ dL∇ = 0 identically follows from dL ◦ dL = 0. The
fifth point is immediate due to the linearity of the covariant derivative ∇(L+M)X =
∇LX +∇MX and the fact that [X, Y ]L+M = [X, Y ]L + [X, Y ]M .
Using Proposition 2.3 we have the following:
Theorem 2.4 Let M be a manifold endowed with a flat connection ∇ on TM and
with two endomorphisms L and M whose Nijienhuis torsion vanishes. Assume that
the Nijenhuis torsion of L + M also vanishes. Then (Ω∗(M,TM), dL∇, dM∇) is a
bidifferential complex, namely dL∇ ◦ dL∇ = 0, dM∇ ◦ dM∇ = 0 and dL∇ ◦ dM∇+ dM∇ ◦
dL∇ = 0.
Proof: Since ∇ is flat and Q := L + M has zero Nijenhuis torsion, we have
by Proposition 2.3 dQ∇ ◦ dQ∇ = 0. On the other hand, always by Proposition 2.3
dQ∇ = dL∇+dM∇ and so 0 = (dM∇+dL∇)◦ (dM∇+dL∇) = dM∇ ◦dM∇+dL∇ ◦dM∇+
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dM∇ ◦ dL∇ + dL∇ ◦ dL∇. But since L and M have separately zero Nijenhuis torsion,
we see that dM∇ ◦ dM∇ = 0, dL∇ ◦ dL∇ = 0 and from the previous condition we get
the anticommutativity of dL∇ and dM∇: dL∇ ◦ dM∇ + dM∇ ◦ dL∇ = 0.
In particular, we apply the previous theorem to the case in whichM is the identity
endomorphism. Indeed one has the following
Lemma 2.5 If L is a torsionless endomorphism of TM , then the pencil Qλ,µ := λL+
µI is also torsionless for all values of λ and µ, where I is the identity endomorphism.
Proof: By (2.2), we have to prove that [Qλ,µX,Qλ,µY ] = Qλ,µ[X, Y ]Qλ,µ for all
vector fields X, Y . Expanding this expression we find
λ2[LX,LY ] + µλ[X,LY ] + λµ[LX, Y ] + µ2[X, Y ] =
= λL[X, Y ]λL + µ[X, Y ]λL + λµL[X, Y ] + µ
2[X, Y ],
from which the claim follows.
Definition 2.6 We call (Ω∗(M,TM), d∇, dL∇) the hydrodynamic bidifferential com-
plex.
Let us present some examples of computations using the differentials d∇, dL∇.
Example 2.7 Consider a 1-form with values in TM , V ij . Then
(d∇V )
i
jk = ∇jV ik −∇kV ij = ∂jV ik + ΓimjV mk − ΓmkjV im − ∂kV ij − ΓimkV mj + ΓmjkV im,
and thus
(d∇V )
i
jk = ∂jV
i
k + Γ
i
mjV
m
k − ∂kV ij − ΓimkV mj .
Notice that from the definition we should write ∇kV i(j) instead of ∇kV ij meaning
that computing covariant derivative the lower indices must be neglected or thought
as frozen. However as the above computation shows the additional terms involving
covariant derivatives of lower indices automatically cancel out.
Example 2.8 Let us apply now dL∇ on a 1-form with values in TM , V
i
j . We have
(dL∇V )
i
jk = L
m
j (∇mV i(k))− Lmk (∇mV i(j))− V il (∂jLlk − ∂kLlj).
Observe that in this case, due to the presence of L, we cannot forget that the covariant
derivative involves only the upper indices.
Using dL∇ we can reformulate the condition for L to have vanishing torsion in the
following way:
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Proposition 2.9 Let ∇ be any torsionless connection of TM , then the endomor-
phism L has vanishing Nijenhuis torsion if and only if dL∇L = 0.
Proof: We have
(dL∇L)
i
jk = L
m
j ∇mLi(k) − Lmk ∇mLi(j) − Lil([∂j , ∂k]L)l.
Since ∇mLi(k) = ∂mLik + ΓilmLlk and analogously for ∇mLi(j), we obtain that
Lmj ∇mLi(k) − Lmk ∇mLi(j) = Lmj ∂mLik − Lmk ∂mLij + Lmj LlkΓilm − Lmk LljΓilm =
= Lmj ∂mL
i
k − Lmk ∂mLij .
On the other hand, Lil([∂j , ∂k]L)
l = Lil(∂jL
l
k−∂kLlj). Therefore, dL∇L = 0 if and only
if
Lmj ∂mL
i
k − Lmk ∂mLij = Lil(∂jLlk − ∂kLlj),
which is exactly the condition [L∂j, L∂k ] = L([∂j , ∂k]L), namely (2.2). This proves
the claim.
3 Semi-Hamiltonian systems. Tsarev’s theory
Let
Γiij(u
1, . . . , un), i 6= j, i, j = 1, . . . , n
be a set of functions of n variables (u1, . . . un) satisfying the conditions
∂iΓ
k
kj − ΓkkjΓjij + ΓkikΓkkj − ΓkikΓiij = 0, ∀i 6= j 6= k 6= i (3.1)
and, consequently also the conditions
∂jΓ
i
ik = ∂kΓ
i
ij , ∀i 6= j 6= k 6= i. (3.2)
Consider the system
∂jv
i
vj − vi = Γ
i
ij , (3.3)
for the unknown functions (v1, . . . , vn) of the n variables (u1, . . . un). According to
the results of [17] the equations (3.1) are the compatibility conditions of (3.3). This
implies that if (3.1) are identically satisfied, the system (3.3) admits a general solution
depending on n arbitrary functions each depending on one variable. Consider now
the diagonal systems of PDEs of hydrodynamic type
uit = v
i(u)uix i = 1, ..., n. (3.4)
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and
uiτ = w
i(u)uix i = 1, ..., n. (3.5)
defined by two different solutions (v1, . . . , vn) and (w1, . . . , wn) of (3.3). The condition
of commutativity of the flows
uitτ = u
i
τt,
namely
∂jv
i
vj − vi =
∂jw
i
wj − wi ,
is clearly satisfied. In other words the solutions of the system (3.3) define a family of
commuting flows for diagonal systems of PDEs of hydrodynamic type. With a little
abuse of terminology we will call such a family a semihamiltonian hierarchy.
To conclude this brief section we recall from [17] that the equations (3.1) are also
the integrability conditions for the system
∂i∂jH − Γiij∂iH − Γjji∂jH = 0, i 6= j (3.6)
which provides the densities H of conservation laws for (3.4).
4 F -manifold with eventual identities.
The notion of F -manifold was introduced in [10] as a generalization of the concept of
Frobenius manifold. Let us recall that an F -manifold is a manifold endowed with a
(1, 2)-tensor field c satisfying the conditions
cijk = c
i
kj (4.1)
cijlc
l
km = c
i
klc
l
jm (4.2)
(∂sc
k
jl)c
s
im + (∂jc
s
im)c
k
sl − (∂sckim)csjl − (∂icsjl)cksm − (∂lcsjm)cksi − (∂mcsli)ckjs = 0 .(4.3)
The tensor c induces a bilinear product on vector fields:
(X ◦ Y )i := cijkXjY k for all vector fields X, Y.
Due to (4.1), (4.2) and (4.3) the product is commutative associative and satisfies the
Hertling-Manin condition
[X ◦ Y, Z ◦W ]− [X ◦ Y, Z] ◦W − [X ◦ Y,W ] ◦ Z −X ◦ [Y, Z ◦W ] +X ◦ [Y, Z] ◦W+
+X ◦ [Y,W ] ◦ Z − Y ◦ [X,Z ◦W ] + Y ◦ [X,Z] ◦W + Y ◦ [X,W ] ◦ Z = 0 .
(4.4)
Usually in the definition of an F -manifold one also assumes the existence of a vector
field e called unit which behaves like a unit for the product ◦, namely
cijle
l = δij (4.5)
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or, equivalently:
X ◦ e = X, ∀X.
In many cases, one can introduce different products satisfying conditions (4.5),
(4.1), (4.2) and (4.3) on the same manifold. In the case of semisimple F -manifolds
with compatible connection (see the next section) this freedom is related to the ar-
bitrariness in the choice of Riemann invariants of the associated semihamiltonian
hierarchy [13]. More in general, this freedom is due to the existence of special vector
fields called by Manin [14] eventual identities. The most important examples of ge-
ometric structures admitting eventual identities are the almost Frobenius manifolds
introduced by Dubrovin in [7]: indeed in this case the eventual identity is provided
by the Euler vector field itself.
Definition 4.1 A vector field E on an F -manifold is called an eventual identity, if
it is invertible with respect to ◦ (i.e. there is a vector field E−1 such that E ◦ E−1 =
E−1 ◦E = e) and, moreover, the bilinear product ∗ defined via
X ∗ Y := X ◦ Y ◦ E−1, for all X, Y vector fields (4.6)
defines a new F-manifold structure on M.
The vector field E is, by definition, the unit of the product ∗. This is the origin of the
name eventual identity. A characterization of eventual identities was recently given
in [1].
Theorem 4.2 [1] An invertible vector field E is an eventual identity if and only if
LieE(◦)(X, Y ) = [e, E] ◦X ◦ Y, ∀X, Y. (4.7)
Special cases of eventual identities are the Euler vector fields. In this case
LieE(◦)(X, Y ) = X ◦ Y
[e, E] = e
Let us recall the following important definition: an F -manifold is called semisimple if
there exists a distinguished system of coordinates, called canonical coordinates such
that the tensor c has the following form in these coordinates:
cijk = δ
i
jδ
i
k.
Theorem 4.3 Consider a semisimple F -manifold and assume that the eigenvalues
of the endomorphism V = E ◦ are distinct. Then condition (4.7) is equivalent to the
vanishing of the Nijenhuis torsion of V .
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Proof. Suppose the Nijenhuis torsion of V vanishes. This means that
NV (X, Y ) = [V X, V Y ]− V [X, V Y ]− V [V X, Y ] + V 2 [X, Y ] = 0
for any pair (X, Y ) of vector fields. In local coordinates this means that
n∑
s=1
(V si ∂sV
k
j − V sj ∂sV ki + V ks ∂jV si − V ks ∂iV sj ) = 0.
Since the F -manifold is assumed to be semisimple, there exists a system of coordinates
(canonical coordinates) in which V is diagonal V ij = c
i
jkE
k = Eiδij and therefore the
previous sum reads
δkj (E
i − Ej)∂iEj − δki (Ej −Ei)∂jEi = 0.
If Ei 6= Ej this is equivalent to
∂jE
i = 0, ∀j 6= i.
Now suppose that condition (4.7) is satisfied. In local coordinates it reads
Em∂mc
i
jk + c
i
lk∂jE
l + cilj∂kE
l − cljk∂lEi = ciljclkm[e, E]m.
In canonical coordinates ei = 1 for all i and therefore:
δik∂jE
i + δij∂kE
i − δjk∂jEi = δijδikδim
∑
s
∂sE
m. (4.8)
If all the indices in (4.8) are equal, then the equation is identically satisfies due to
the fact that in canonical coordinates, in the semisimple case Ei is just a function of
the i-th coordinate. In the case when two indices are equal and the third is different
we have:
- k = j 6= i. In this case −∂jEi = 0,
- k = i 6= j. In this case ∂jEk = 0,
- i = j 6= k. In this case ∂kEi = 0.
These are exactly the vanishing Nijenhuis torsion conditions as we have seen above.
Finally, if all the indices i, j, k are distinct, equation (4.8) is automatically satisfied
as it is immediate to see.
From one hand the above theorem is quite surprising since the condition (4.7) is
linear in E while the Nijenhuis condition is quadratic in E:
NV (X, Y ) = [E ◦X,E ◦ Y ] + E ◦ E ◦ [X, Y ]−E ◦ [X,E ◦ Y ]− E ◦ [E ◦X, Y ].
From the other side is not surprising since, as we mentioned above, in the case of
F -manifolds with compatible connection the freedom in the choice of the eventual
identities is related to the reparametrization of the Riemann invariants. Let us con-
sider now the general case. A relation between (4.7) and the Nijenhuis condition is
still present. However it goes only in one direction.
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Theorem 4.4 If E satisfies (4.7), in particular if E is an eventual identity, then the
Nijenhuis torsion of V = E ◦ vanishes.
Proof: First we rewrite the condition for E to be an eventual identity in a different
way. Since X ◦Y can be viewed as the complete contraction of the tensor field c with
the vector fields X and Y and since the Lie derivative commute with any contraction,
we have that
LieE(◦)(X, Y ) = LieE(◦(X, Y ))− ◦(LieEX, Y )− ◦(X,LieEY ) =
= [E,X ◦ Y ]−X ◦ [E, Y ]− [E,X ] ◦ Y.
In this way, (4.7) can be written as
[E,X ◦ Y ] +X ◦ [Y,E] + [X,E] ◦ Y = [e, E] ◦X ◦ Y. (4.9)
Now we proceed to write the Nijenhuis condition [E ◦X,E ◦Y ] +E ◦E ◦ [X, Y ]−
E ◦ [X,E ◦Y ]−E ◦ [E ◦X, Y ] = 0 in a different form. Expanding [E ◦X,E ◦Y ] using
the Hertling-Manin condition (4.4) and the properties of ◦, the Nijenhuis condition
can be rewritten as
NV (X, Y ) = [X ◦E,E]◦Y −[X,E]◦E◦Y +[E, Y ◦E]◦X−[E, Y ]◦X ◦E = 0. (4.10)
Specializing the previous expression with Y = e we get:
[X ◦ E,E]− [X,E] ◦ E − [E, e] ◦X ◦ E = 0 (4.11)
Surprisingly (4.11) implies (4.10). Indeed
NV (X, Y ) =
Y ◦ ([X ◦ E,E]− [X,E] ◦ E)−X ◦ ([Y ◦ E,E]− [Y,E] ◦ E) =
Y ◦ [E, e] ◦X ◦ E −X ◦ [E, e] ◦ Y ◦ E = 0.
This means that vanishing of the Nijenhuis torsion is equivalent to (4.11). In order to
prove the theorem it is sufficient to observe that (4.9) reduces to (4.11) when Y = E.
Therefore for any vector field E which is an eventual identity, we have that E ◦ has
zero Nijenhuis torsion.
Let us remark that once we write (4.9) as QE(X, Y ) := [E,X ◦ Y ] +X ◦ [Y,E] +
[X,E] ◦ Y − [e, E] ◦ X ◦ Y , this appears manifestly as a bilinear symmetric form.
Therefore by polarization identity it can be written as QE(X, Y ) =
1
2
QE(X + Y,X +
Y )− 1
2
QE(X − Y,X − Y ). This implies that for (4.7) is equivalent to
LieE(◦)(Z,Z) = [e, E] ◦ Z2, for all Z
or
LieE(Z ◦ Z) = 2Z ◦ LieE(Z)− LieE(e) ◦ Z2.
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5 F -manifolds with compatible connection
Let us introduce a special class of F -manifolds [10].
Definition 5.1 An F -manifold with compatible connection [13] is a manifold en-
dowed with an associative commutative multiplicative structure given by a (1, 2)-tensor
field c and a torsionless connection ∇ satisfying the following conditions
∇lcijk = ∇jcilk (5.1)
and
Rklmic
n
pk +R
k
lipc
n
mk +R
k
lpmc
n
ik = 0. (5.2)
where
Rijkh = ∂kΓ
i
hj − ∂hΓikj − ΓihlΓlkj + ΓiklΓlhj
are the components of the Riemann tensor.
Notice that in the previous definition we did not impose explicitly the requirement
that c satisfies the Hertling-Manin condition; this is due to the fact that if the product
is symmetric and associative and c satisfies equation (5.1), then the Hertling-Manin
condition is automatically fulfilled (this is proved in [9]).
Let us observe also that in the interesting paper [2], the compatibility of the
connection with the product is intended in a weaker sense, since no restrictions are
imposed there on the Riemann tensor.
Conditions (5.1) and (5.2) can also be written respectively as
(∇X◦) (Y, Z) = (∇Y ◦) (X,Z) , (5.3)
and
Z ◦R(W,Y )(X) +W ◦R(Y, Z)(X) + Y ◦R(Z,W )(X) = 0, (5.4)
for any choice of the vector fields (X, Y,W,Z).
When studying the systems of PDEs that control the densities of conservation
laws, an alternative form of (5.4), equivalently (5.2) will be handy. These are provided
by the following
Lemma 5.2 Let M be an F -manifold with compatible connection ∇. Then (5.4) is
equivalent to
R(Y, Z)(X ◦W ) +R(X, Y )(Z ◦W ) +R(Z,X)(Y ◦W ) = 0, (5.5)
for every vector fields X, Y,W,Z. Moreover, the above condition in local coordinates
reads
Rnkmpc
k
il +R
n
kimc
k
pl +R
n
kpic
k
ml = 0. (5.6)
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Proof: Consider the deformed connection ∇˜XY := ∇XY + z X ◦ Y, z ∈ C, de-
pending on the parameter z. Due to associativity of the product ◦ and the symmetry
condition (5.3), the curvature tensor of this connection does not depend on z (see
[16]). Now the second Bianchi identity gives
0 = ∇˜XR(Y, Z)(W ) + ∇˜ZR(X, Y )(W ) + ∇˜YR(Z,X)(W ) =
= X ◦R(Y, Z)(W ) + Z ◦R(X, Y )(W ) + Y ◦R(Z,X)(W )
−R(Y, Z)(X ◦W )− R(X, Y )(Z ◦W )−R(Z,X)(Y ◦W ).
Since X ◦R(Y, Z)(W )+Z ◦R(X, Y )(W )+Y ◦R(Z,X)(W ) = 0 is (5.4), one sees im-
mediately the equivalence of (5.5) and (5.4). The coordinate expression is immediate.
For a semisimple F -manifold, in canonical coordinates, condition (5.1) reads
Γijj = −Γiji (5.7)
Γijk = 0, ∀i 6= j 6= k 6= i (5.8)
and condition (5.2) is equivalent to
Riijk = ∂jΓ
i
ki − ∂kΓiji = 0, ∀i 6= j 6= k 6= i, (5.9)
Rijjk = −∂kΓijj − ΓikiΓijj − ΓikkΓkjj + ΓijjΓjjk = 0, ∀i 6= j 6= k 6= i (5.10)
Remark 5.3 If u→ u˜, the Christoffel symbols transform as
Γ˜kij =
∂u˜k
∂ur
(
Γrpq
∂up
∂u˜i
∂uq
∂u˜j
+
∂2ur
∂u˜i∂u˜j
)
.
This means that if condition (5.8) is satisfied in canonical coordinates, then it is
satisfied in any coordinates system (u˜1, . . . , u˜n) related to canonical coordinates by a
change of variables of the form u˜i = u˜i(ui), i = 1, . . . , n. This will be instrumental in
defining the notion of almost hydrodynamically equivalent connections.
Remark 5.4 Compatible connections are not uniquely defined. For instance, in
canonical coordinates, if the Christoffel symbols Γijk define a compatible connection,
then the Christoffel symbols Γ˜ijk with
Γ˜ijk := Γ
i
jk, i 6= j or i 6= k, or j 6= k, and Γ˜iii arbitrary
define also a compatible connection [12].
Additional structures or requirements might be added to an F -manifold with
compatible connection. Among them let us mention the most relevant ones for our
investigation:
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• The existence of a unit vector field e:
cijke
k = δij. (5.11)
• The existence of an eventual identity E.
In the semisimple case, in canonical coordinates we have therefore
ei = 1, Ei = Ei(ui), Lij = E
jδij ,
where L is the endomorphism of the tangent bundle given by L := E◦.
• The flatness of the connection ∇ [14]. In this case starting from a frame of flat
vector fields it is possible to define a hierarchy of quasilinear PDEs of the form
uit = V
i
j (u) u
j
x = c
i
jk(u)X
k ujx
called principal hierarchy. In the case of Frobenius manifolds, this hierarchy
was introduced by Dubrovin [4]. The straightforward generalization under the
weaker Manin’s assumptions was given in [13].
• The existence of an invariant metric η satisfying
∇η = 0.
In this case, the F -manifold is called Riemannian F [13]. In the flat case the
invariant metric defines a local Poisson structure for the principal hierarchy.
This means that the equations of the hierachy can be written in the form
uit = V
i
j (u) u
j
x = P
ij ∂H
∂uj
, i = 1, . . . , n (5.12)
for a suitable local functional H [u]. The differential operator
P ij = ηij∂x − ηilΓjlkukx (5.13)
is the local Poisson bivector of hydrodynamic type associated to the flat metric
η [6].
• The existence of a second flat connection compatible with the multiplicative
structure defined by the eventual identity E. In the case of Frobenius manifolds
such a connection is the Levi-Civita connection of the intersection form g. The
pencil gλ = g − λη is a flat pencil of metrics [5]. In the case of Frobenius
manifolds, the multiplication by the Euler vector field L = E◦ is related to the
flat pencil gλ by:
Lij = ηjlg
li.
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This list might be extended including the additional axioms appearing in the definition
of a Frobenius manifold. Since these additional assumptions will not be used in the
paper we refer the reader to the literature (for instance [4]) for more details.
Assumption 1: From now on we will deal only with semisimple F -manifolds.
Assumption 2: From now on we will assume that the components of an eventual
identity E in canonical coordinates are functionally independent.
Under these two assumptions we can prove the following results upon which all our
subsequent investigations are based:
Theorem 5.5 Assume assumptions 1 and 2 above hold. Then we have
1. The canonical coordinates (u˜1, . . . , u˜n) for the product ∗ and the canonical coor-
dinates (u1, . . . , un) for the product ◦ are related through a simple reparametriza-
tion of the form u˜i = u˜i(ui), i = 1, . . . , n.
2. The endomorphism L := E ◦ can be written as L = E˜ ∗; moreover E˜ = E◦E and
E˜i 6= E˜j for i 6= j where E˜i are the components of E˜ in canonical coordinates
for ∗.
Proof: Proof of the first claim: Since by assumption 1 the F -manifold is semisim-
ple, and E is an eventual identity, then by Theorem 4.3, L = E ◦ has vanishing Ni-
jenhuis torsion. This implies that in canonical coordinates for ◦ we have Ei = Ei(ui).
By assumption 2 the components Ei are all functionally independent. By definition
(compare equation (4.6)) the product ∗ in canonical coordinates for ◦ reads
c∗ijk =
1
Ei
δijδ
i
k.
Now we look for a reparametrization of the canonical coordinates ui of the form
ui 7→ u˜i(ui) in such a way that in these new coordinates the constant structures for
∗ appear to have the form δijδik. This will prove that the canonical coordinates for ∗
are indeed obtained via a simple reparametrization of the canonical coordinates for
◦.
Indeed, we have
c∗ijk → c˜∗lmn = c∗ijk
∂u˜l
∂ui
∂uj
∂u˜m
∂uk
∂u˜n
=
1
Ei
δijδ
i
k
∂u˜l
∂ui
∂uj
∂u˜m
∂uk
∂u˜n
=
=
1
Ei
∂u˜l
∂ui
∂ui
∂u˜m
∂ui
∂u˜n
=
1
El
∂ul
∂u˜l
δlmδ
l
n =
1
E˜l
δlmδ
l
n
where E˜l are the components of E in the new coordinates u˜i.
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If we choose the reparametrization to be given by:
du˜l
dul
=
1
El(ul)
(5.14)
that is if
u˜l =
∫
1
El(ul)
dul,
then E˜l = du˜
l
dul
El = 1 and c˜∗lmn = δ
l
mδ
l
n. This proves the first claim and provides also
an explicit form (equation (5.14)) for the change of coordinates from one system of
canonical coordinates to the other one.
Proof of the second claim: We look for a vector field E˜ such that E˜ ∗ Y = E ◦ Y
for all vector fields Y . First of all notice that, even without assumptions 1 and 2, one
has E ◦ Y = E˜ ∗ Y = E˜ ◦ Y ◦ E−1 and therefore
E˜ = E ◦ E,
simply because E is an eventual identity. Let us remark that this E˜ has nothing to
do with the one that appears in the proof of the first claim.
In canonical coordinates of ◦ we have that the components of the vector field E◦E
are given by (E ◦ E)i = (Ei)2. In canonical coordinates for ∗ one gets:
(E˜ ◦ E)i(u˜) = (Ei)2(ui)du˜
i
dui
= Ei(ui(u˜i)) =
dui
du˜i
Clearly du
i
du˜i
is not constant, otherwise du˜
i
dui
would be constant too and, because
of equation (5.14), that would imply that Ei(ui) is constant, not depending on ui,
contrary to assumption 2. Therefore we have
(E˜ ◦ E)i 6= (E˜ ◦ E)j,
since the right and the left hand side depend on different coordinates. This proves
the second claim.
6 Hydrodynamically equivalent and almost hydro-
dynamically equivalent connections
Given a semisimple F -manifold with compatible connection one can define a semi-
hamiltonian hierarchy. In canonical coordinates the functions Γiij (i 6= j) defining the
hierarchy according to (3.3) are a subset of the Christoffel symbols of the compatible
connection (we will give later a coordinate free definition). The fact that the hierarchy
is semihamiltonian follows immediately from (5.9).
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As we mentioned above, on the same F -manifold one can define different compat-
ible connections and different multiplicative structures.
Let (M, ◦, E) be a semisimple F -manifold with eventual identity E. We introduce
the following definitions:
Definition 6.1 Let ∇ be a connection compatible with ◦ and ∇˜ be a connection
compatible with ∗. They are called almost hydrodynamically equivalent if
(d∇ − d∇˜)(X ◦) = 0, or (d∇ − d∇˜)(X ∗) = 0 (6.1)
for every vector field X.
In canonical coordinates for ◦ the equation (6.1) (on the left) reads
(Xk −Xj)(Γikj − Γ˜ikj) = 0. (6.2)
where Γ˜ijk are the Christoffel symbols of the connection ∇˜ in the canonical coordinates
of ◦. Similarly for the equation on the right using canonical coordinates for ∗.
To see why (6.1) gives (6.2), observe that in canonical coordinates for the product ◦
the Christoffel symbols Γikj with i 6= j 6= k 6= i vanish, because of the compatibility
of ∇ with ◦. Now due to the compatibility of ∇˜ with ∗ one has that Γ˜rpq = 0 for
r 6= p 6= q 6= r in the canonical coordinates for ∗. On the other hand, in the canonical
coordinates for ◦ one has
Γ˜kij =
∂uk
∂u˜r
∂u˜p
∂ui
∂u˜q
∂uj
Γ˜rpq +
∂uk
∂u˜m
∂2u˜m
∂ui∂uj
,
where Γ˜rpq are expressed in the canonical coordinates of ∗, while Γ˜kij are in the canonical
coordinates of ◦. Using the first claim of Theorem 5.5, one finds Γ˜kij = 0 for i 6= j 6=
k 6= i. The same reasoning also shows that the two equations (d∇ − d∇˜)(X ◦) = 0
and (d∇ − d∇˜)(X ∗) = 0 are indeed equivalent.
This means that the almost hydrodynamical equivalence of two connections is
equivalent, in canonical coordinates (u1, . . . , un) or in any coordinates system related
to them by a reparametrization of the form ui 7→ u˜i(ui), to the condition
Γ˜iij = Γ
i
ij , i 6= j.
For this reason almost hydrodynamically equivalent connections define the same semi-
hamiltonian hierarchy.
Remark 6.2 For future use, it is important to notice that if ∇ and ∇˜ are two hy-
drodynamically almost equivalent connections, then for any endomorphism V of TM
with the property that V is diagonal both in the canonical coordinates for ◦ and in the
canonical coordinates for ∗, we have that
(d∇ − d∇˜)V = 0. (6.3)
This follows directly from the definition.
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Definition 6.3 Two connections ∇ and ∇˜ compatible with the same product ◦ and
almost hydrodynamically equivalent are called hydrodynamically equivalent. In con-
crete terms, in canonical coordinates, this means that
Γ˜ijk = Γ
i
jk, i 6= j or i 6= k, or j 6= k.
Remark 6.4 The diagonal metrics g defining the local Hamiltonian structures of a
given semi-Hamiltonian system
uit = v
i(u)uix, i = 1, . . . , n,
are the flat solutions (if they exist) of the linear system of PDEs [6]
∂j ln
√
gii =
∂jv
i
vj − vi .
Notice that the Levi-Civita connections associated with the solutions of the above
system are automatically almost hydrodynamically equivalent. Indeed
∂j ln
√
gii = Γ
i
ij.
7 Conservation laws
In this section we will study the conservation laws of the semihamiltonian hierarchy
associated to a semisimple F -manifold with compatible connection ∇ and eventual
identity E.
First of all, we observe the following,
Proposition 7.1 The linear system of PDEs for densities of conservation laws can
be written in intrinsic form as
(dLdh) + C(d∇L⊗ dh) = 0. (7.1)
where L = E ◦ and C is the contraction of the tangent bundle-valued two-form d∇L
with the one form dh.
Proof: Taking into account (5.8), in canonical coordinates the equation (7.1)
reads
(Ek − Ej)(∂j∂kh− Γjjk∂jh− Γkjk∂kh) = 0 (7.2)
that is clearly equivalent to (3.6). Notice that the equation (7.2) does not change if
we substitute ∇ with a hydrodynamically equivalent or an almost hydrodynamically
equivalent connection. This motivated the introduction of the previous definitions.
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Remark 7.2 The system (7.1) is completely characterized by the tensor field d∇L.
In the case of Frobenius manifolds, in flat coordinates the components of the Euler
vector field are linear functions:
(∇E)ij = qiδij ,
for constants qi. This means that, in such coordinates (if qi 6= qj!) the structure
constants can be written in terms of d∇L:
cijk =
∂jL
i
k − ∂kLij
qj − qk =
(d∇L)
i
jk
qj − qk .
Proposition 7.3 The compatibility conditions for equation (dLdh)+C(d∇L⊗dh) = 0
follow from condition (5.5)
R(Y, Z)(X ◦W ) +R(X, Y )(Z ◦W ) +R(Z,X)(Y ◦W ) = 0,
and condition (5.3) or equivalently, in coordinates from conditions (5.7), (5.8), (5.9)
and (5.10).
Proof: From the form of equation (7.1), it follows that the compatibility con-
ditions are that the two-form (C(d∇L ⊗ dh))jk = (dh)l (d∇L)ljk must be exact with
respect to both differential d and dL for any density of conservation law h. First we
compute (dC(d∇L⊗ dh)))ijk. To simplify notation, call Sij := (C(d∇L⊗ dh))ij. Then
one has
(dS)ijk = ∂i(Sjk)− ∂j(Sik) + ∂k(Sij).
Therefore, since
∂i(Sjk) = (∇i(dh)l)(d∇L)ljk + dhl∇i(d∇L)ljk, (7.3)
one has
(dS)ijk = (∇idhl)(d∇L)ljk − (∇jdhl)(d∇L)lik + (∇kdhl)(d∇L)lij+
+dhl
(∇i(d∇L)ljk −∇j(d∇L)lik +∇k(d∇L)lij) .
In canonical coordinate, for a semisimple F -manifold with compatible connection we
have that ∇i(dh)j = ∂i∂jh − Γiij∂ih − Γjji∂jh, for i 6= j. On the other hand, this is
just the equation for the densities of conservation laws, namely equation (3.6), and
therefore ∇i(dh)j = 0 for i 6= j, since h is supposed to be a density of conservation
laws.
This means that (∇idhl)(d∇L)ljk− (∇jdhl)(d∇L)lik+(∇kdhl)(d∇L)lij is reduced to
(∇idhi)(d∇L)ijk − (∇jdhj)(d∇L)jik + (∇kdhk)(d∇L)kij , (7.4)
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with no sum over equal indices.
Since L is diagonal in canonical coordinates, it is immediate to check that the
previous expression is identically zero for i 6= j 6= k 6= i. This is also the case when
i = j = k. It is also easy to check, again using the aforementioned property of L,
that the (7.4) is identically zero when two of the indices are equal and the third is
different.
This implies that
(dS)ijk = dhl
(∇i(d∇L)ljk −∇j(d∇L)lik +∇k(d∇L)lij) = dhl (d2∇L)lijk ,
where the last equality on the right follows from the definition of d∇.
Now expanding the expression for d2∇L one gets
[d2∇L]
l
ijk = ∇[i∇j]Llk +∇[j∇k]Lli +∇[k∇i]Llj = RlnijLnk +RlnjkLni +RlnkiLnj .
At this point it is enough to observe that the last term on the right in the previous
expression is just (5.6) saturated with E. Therefore if (5.6) is fulfilled, then dS = 0
identically. (Obviously, if ∇ is flat, condition (5.6) is fulfilled, and also dS = 0 is
satisfied since in this case d2∇ = 0.)
From the definition of dL one gets
(dLS)ijk = L
p
i ∂pSjk − Lpj∂pSik + Lpk∂pSij
−Spi(∂jLpk − ∂kLpj ) + Spj(∂iLpk − ∂kLpi )− Spk(∂iLpj − ∂jLpi ).
Using (7.3), we have that Lpi ∂pSjk − Lpj∂pSik + Lpk∂pSij can be expanded to
(dh)l
[
L
p
i∇p(d∇L)ljk − Lpj∇p(d∇L)lik + Lpk∇p(d∇L)lij
]
+
+(∇p(dh)l)
[
L
p
i (d∇L)
l
jk − Lpj (d∇L)lik + Lpk(d∇L)lij
]
.
Since h is a density of conservation laws, we have ∇p(dh)l = 0 for p 6= l. Therefore,
in the the second line of the above expression, the only surviving terms corresponds
to l = p. Thus, the second line can be written as (sum over p):
(∇p(dh)p)
[
L
p
i (d∇L)
p
jk − Lpj (d∇L)pik + Lpk(d∇L)pij
]
,
and it is easy to check that in canonical coordinates this expression is identically
vanishing, since L is diagonal.
Therefore (dLS)ijk is reduced to
(dh)l
[
L
p
i∇p(d∇L)ljk − Lpj∇p(d∇L)lik + Lpk∇p(d∇L)lij
]
−Spi(∂jLpk − ∂kLpj ) + Spj(∂iLpk − ∂kLpi )− Spk(∂iLpj − ∂jLpi ),
22
or,
(dh)l
[
L
p
i∇p(d∇L)ljk − Lpj∇p(d∇L)lik + Lpk∇p(d∇L)lij
]
+(dh)l
[−(d∇L)lpi(∂jLpk − ∂kLpj ) + (d∇L)lpj(∂iLpk − ∂kLpi )− (d∇L)lpk(∂iLpj − ∂jLpi )] ,
from which we recognize
(dLS)ijk = (dh)l (dL∇d∇L)
l
ijk .
Observe that if∇ is flat and L has zero Nijenhuis torsion, then dL∇d∇L = −d∇dL∇L =
0 since dL∇L is precisely the Nijenhuis torsion of L.
Now we prove that (5.7), (5.8), (5.9) and (5.10) imply dL∇d∇L = 0. First observe
that (dL∇d∇L)
l
ijk is automatically zero if at least two of the lower indices are equal,
by skewsymmetry. Therefore, since we can assume i 6= j 6= k 6= i, in the expression
for (dL∇d∇L)
l
ijk the term[−(d∇L)lpi(∂jLpk − ∂kLpj ) + (d∇L)lpj(∂iLpk − ∂kLpi )− (d∇L)lpk(∂iLpj − ∂jLpi )]
is identically vanishing, taking into account that in canonical coordinates Lpk =
Ek(uk)δpk. For the same reason, the remaining expression for (dL∇d∇L)
l
ijk in canonical
coordinates is reduced to
Ei∇i(∇jLlk −∇kLlj)−Ej∇j(∇iLlk −∇kLli) + Ek∇k(∇iLlj −∇jLli).
Again, because of the special form of L in canonical coordinates, we have that if
the upper index l is different from i, j and k, then the previous expression is also
identically vanishing.
Without loss of generality, we can assume l = i, and in canonical coordinates we
have
(dL∇d∇L)
i
ijk = E
j(∇j∇kEi)−Ek(∇k∇jEi), (7.5)
with no summation on repeated indexes j and k. Expanding the right hand side of
equation (7.5) and taking into account that in canonical coordinates the Christoffel
symbols satisfy equations (5.7) and (5.8), we obtain after long but straightforward
computations (no sum over repeated indices):
(dL∇d∇L)
i
ijk = E
kEj
(
∂kΓ
i
ji − ∂jΓiki
)
+
+EiEj
(
∂jΓ
i
ki + Γ
i
jiΓ
i
ki − ΓjjkΓiji − ΓkjkΓiki
)
+
+EkEi
(−∂kΓiji + ΓjkjΓiji − ΓikiΓiji + ΓkkjΓiki) .
Now the coefficient of EkEj in the previous expression vanishes because of equation
(5.9), while the coefficients of EiEj and EkEi vanish due to equation (5.10).
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Example 7.4 In the case of the F -manifold associated with the ǫ-system [15] it was
shown [12] that
∇kLij = (∇kcijl)El + (1− nǫ)cikj + ǫ∂k(TrL) δij
and therefore
(d∇L)
i
jk = ǫ∂j(TrL) δ
i
k − ǫ∂k(TrL) δij ,
that implies
(dLdh)jk = (dh ∧ d(ǫTrL))jk .
Let us consider now the recursion relations for densities of conservation laws in the
case of F -manifolds with compatible flat connection and in the case of F -manifolds
with a second flat connection compatible with the multiplicative structure ∗ defined
by the eventual identity E. We have the following
Theorem 7.5 In the case of an F -manifold with compatible flat connection, the den-
sities of conservation laws obey the following recursion relations:
∇j(dh(p+1))i = clij(dh(p))l. (7.6)
In the case of an F -manifold with compatible flat connection and possessing a second
flat connection compatible with the multiplicative structure ∗ defined by the eventual
identity E, the densities of conservation laws satisfy the following additional recursion
relations:
∇(1)h dh(α+1)k = Llh∇(2)l dh(α)k , (7.7)
where L = E ◦.
Proof:
In order to prove the above recurrence relations, we first observe that
Lmh ∇mωk − Lmk ∇mωh = (dL∇ω)hk + ωl(d∇L)lhk. (7.8)
Indeed by definition
(dL∇ω)hk = (dLω)hk = L
m
h ∂mωk − Lmk ∂mωh − ωl(∂hLlk − ∂kLlh),
because ω is a scalar valued form, while
ωl(d∇L)
l
hk = ωl(∇hLlk −∇kLlh) = ωl(∂hLlk − ∂kLlh + ΓlmhLmk − ΓlmkLmh ).
Combining the two expressions above one gets
(dL∇ω)hk + ωl(d∇L)
l
hk =
Lmh ∂mωk − Lmk ∂mωh + ωl(ΓlmhLmk − ΓlmkLmh ) = Lmh ∇mωk − Lmk ∇mωh.
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Now we show that if h(p+1) is related to h(p) via (7.6), then it also satisfies (7.1).
Plugging in h(p+1) in (7.1) and using the identity (7.8) we obtain
(dL∇dh
(p+1))hk + dh
(p+1)
l (d∇L)
l
hk = L
l
h∇ldh(p+1)k − Llk∇ldh(p+1)h .
Assuming that h(p+1) satisfies the recursion relation (7.6), we have
Llh∇ldh(p+1)k − Llk∇ldh(p+1)h = [clhmcjlk − clkmcjlh]Emdh(p)j = 0,
due to the associativity of ◦. Therefore h(p+1) is a density of conservation laws, even
if h(p) is not. Instead, to prove the other recurrence relations, we need to assume h(α)
is a solution of (7.1) with respect to the second connection.
We proceed in a similar manner to prove (7.7). Suppose h(α) is a solution of the
linear system of PDEs (7.1) determining the densities of conservation laws, namely
(dL∇(2)dh
(α))hk + dh
(α)
l (d∇(2)L)
l
hk = 0.
By identity (7.8), we have that dh(α) is a solution of the above equation if and only if
Llh∇(2)l dh(α)k − Llk∇(2)l dh(α)h = 0 (7.9)
Now we prove that h(α+1) is a solution of (7.1) with respect to ∇(1) if h(α) is a solution
of (7.1) with respect to ∇(2) and h(α+1) is related to h(α) via (7.7). Indeed, using the
identity (7.8) we have
(dL∇(1)dh
(α+1))hk + dh
(α+1)
l (d∇(1)L)
l
hk = L
l
h∇(1)l dh(α+1)k − Llk∇(1)l dh(α+1)h ,
and plugging-in (7.7) on the right hand side we obtain
Llh∇(1)l dh(α+1)k − Llk∇(1)l dh(α+1)h = LlhLml ∇(2)m dh(α)k − LlkLml ∇(2)m dh(α)h . (7.10)
Since h(α) satisfies (7.9), being a density of conservation laws with respect to ∇(2),
in particular it satisfies Lml ∇(2)m dh(α)k − Lmk ∇(2)m dh(α)l = 0. Using this equation on the
right hand side of (7.10) one finds
LlhL
m
l ∇(2)m dh(α)k − LlkLml ∇(2)m dh(α)h = LlhLmk ∇(2)m dh(α)l − LlkLmh ∇(2)m dh(α)l .
Finally, using
∇(2)m dh(α)l = ∇(2)l dh(α)m
on the right hand side of the last expression we obtain
LlhL
m
k ∇(2)m dh(α)l − LlkLmh ∇(2)m dh(α)l =
LlhL
m
k ∇(2)m dh(α)l − LlkLmh ∇(2)l dh(α)m =
LlhL
m
k ∇(2)m dh(α)l − Lmk Llh∇(2)m dh(α)l = 0.
This proves the result about the second recurrence relation.
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Remark 7.6 If the almost hydrodynamically equivalent connections are those asso-
ciated with a flat pencil of metrics defining a bi-Hamiltonian structure, then the re-
currence relations (7.7) can be written in the form
g
jl
(1)∇(1)l dh(α+1)k = gjl(2)∇(2)l dh(α)k . (7.11)
They coincide with the usual Lenard-Magri recurrence relations
P
ij
1
δH(α+1)
δuj
= P ij2
δH(α)
δuj
(7.12)
where P1 and P2 are the Poisson bivectors of hydrodynamic type associated with g(1)
and g(2) and
H(α) =
∫
h(α)(u) dx, H(α+1) =
∫
h(α+1)(u) dx.
However, we will see in the next few sections that in general one obtains recurrence
relations that are more general compared to the usual ones coming from a Lenard-
Magri chain.
Remark 7.7 The equation for the densities of conservation laws can be also written
in the form
ddV h = −dV dh = 0 (7.13)
where V is one of tensor fields defining the symmetries. Indeed, in canonical coordi-
nates V ij = v
iδij and therefore
(ddV h)ij = ∂i
(
vj∂jh
)− ∂j (vi∂ih) = (vj − vi)∂i∂jh+ ∂ivj∂jh− ∂jvi∂ih
(dV dh)ij = v
i∂i∂jh− vj∂j∂ih+ ∂ih∂jvi − ∂jh∂ivj = −(ddV h)ij.
From (7.13) it follows that the 1-form dV h is (locally) exact: dV h = dk. The function
k is the current associated to h. Indeed in canonical coordinates ∂ik = v
i∂ih and this
means that ∂th = ∂xk.
8 Cohomological equation for symmetries and re-
lated recurrence relations
We have seen that, in canonical coordinates, the Christoffels symbols of the compat-
ible connection ∇ define a semihamiltonian hierarchy. The flow of the hierarchy
uit = v
i uix, i = 1, . . . , n (8.1)
is obtained solving the equation (3.3):
∂jv
i
vj − vi = Γ
i
ij
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for the unknown characteristic velocities vi.
In this section, we explore the cohomological nature of the equation (3.3). The
results obtained will be important in constructing, in the last Section, a twisted
Lenard-Magri chain associated to a semisimple F -manifold with eventual identity E
and two almost hydrodynamically equivalent connections ∇(1) and ∇(2).
Consider the flows of the hierarchy
uit = V
i
j (u) u
j
x = (X◦)ij ujx, i = 1, . . . , n (8.2)
associated with the semisimple F -manifold written in an arbitrary coordinate system.
Theorem 8.1 1. The hierarchy (8.2) is defined by the set of tensor fields V com-
muting with L = E ◦ and satisfying the equation
(d∇V )
i
jk = 0. (8.3)
Moreover, if V is a tensor field commuting with L = E ◦, and satisfying d∇V = 0,
then we have also d∇˜V = 0 for any other hydrodynamically equivalent or almost
equivalent connection ∇˜ (in this case compatible with ∗).
2. The hierarchy (8.2) is defined by the set of vector fields X satisfying
d∇(X◦)ijk = cijl∇kX l − cikl∇jX l = 0. (8.4)
In the equation (8.4) one can substitute ∇ with any other hydrodynamically equivalent
or almost equivalent connection ∇˜ and the structure constants cijk with the structure
constants c˜ijk of the product ∗ compatible with ∇˜.
3. The hierarchy (8.2) is defined by the set of vector fields X satisfying
[d∇X,L]
j
i = (dL∇X)
j
i − Ljl (d∇X)li = 0. (8.5)
where [·, ·] is the commutator of matrices. In the equation (8.5) one can substitute
∇ with any other hydrodynamically equivalent connection. The hierarchy can be also
defined by
uit = V
i
j (u) u
j
x = (X ∗)ij ujx, i = 1, . . . , n (8.6)
where the vector fields X are solutions of the equation
[d∇˜X,L] = 0. (8.7)
Here ∇˜ is an almost hydrodynamically equivalent connection compatible with ∗.
Proof:
27
1. The commutativity with L = E ◦ tell us that V is diagonal in canonical coordinates
for ◦, V ij = vj(u)δij, due to the fact that L is diagonal with distinct eigenvalues in
these coordinates. Now, since
(d∇V )
i
jk = ∂jV
i
k + Γ
i
ljV
l
k − ∂kV ij − ΓilkV lj
it is immediate to check, taking into account (5.8), namely the compatibility of ∇
with ◦, that for i 6= j 6= k 6= i the above expression vanishes identically. Moreover,
from the above expression, setting k = i 6= j one gets in canonical coordinates for ◦
0 = (d∇V )
i
ji = ∂jv
i + Γiijv
i − Γijivj,
which is indeed (3.3) in canonical coordinates. The remaining cases can be treated
similarly.
Now using the commutativity with L, we prove that d∇V = 0 implies d∇˜V = 0.
As we saw above, the commutativity with L and d∇V = 0 in canonical coordinates
for ◦ reads ∂jvi + Γiijvi − Γijivj = 0.
Since L = E ◦ = E˜ ∗ and E˜i 6= E˜j for i 6= j in canonical coordinates for ∗,
due to second point of Theorem 5.5, we have that [V, L] = 0 expressed in canonical
coordinates for ∗ implies that V is diagonal also in these coordinates, V = v˜iδij .
Therefore, since V is diagonal in both the canonical coordinates for ◦ and for ∗,
we can exploit Remark 6.2 and by equation (6.3) (d∇ − d∇˜)V = 0, since ∇ and ∇˜
are hydrodynamically almost equivalent. But since d∇V = 0 by assumption, we get
d∇˜V = 0.
2. The tensor fields of the form
V = X◦
clearly commute with L (due to associativity):
LikV
k
j = L
i
kc
k
jlX
l = cikmc
k
jlX
lEm = ciklc
k
jmX
lEm = Lkj c
i
klX
l = LkjV
i
k .
Therefore for such tensor fields we have only to impose condition (8.3) that, taking
into account (5.1), reduces to
cijl∇kX l = cikl∇jX l,
which is (8.4). This proves that any solution of (8.4) defines a flow of the hierarchy.
In fact any flow of the hierarchy can be obtained in this way. Indeed, in canonical
coordinates, (8.4) is equivalent to the condition
∇iXj = 0, i 6= j.
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Using (5.7) and (5.8) we can write the above condition as
∂iX
j + Γjji(X
j −X i) = 0, i 6= j
and this is exactly condition (3.3) noticing that in canonical coordinates one has the
identification X i = vi. Writing the tensor field V as V = X ∗ and repeating the
above arguments we can immediately obtain the second claim of point 2, using the
fact that the canonical coordinates for ∗ are of the form u˜i(ui), due the first claim in
Theorem 5.5.
3. In canonical coordinates, taking into accont (5.7) and (5.8), equation (8.5) reads
(Ei −Ej)∇iXj = (Ei − Ej)
(
∂iX
j + Γjji(X
j −X i)) = 0 (8.8)
and this is exactly condition (3.3), since in canonical coordinate we have the identifi-
cation X i = vi and the components of E are assumed to be functionally independent.
The equation (8.5) does not change if we substitute ∇ with a hydrodynamically
equivalent connection but in general it does change if we substitute ∇ with an almost
hydrodynamically equivalent connection ∇˜. However, we can still prove that tensor
fields X ∗ define symmetries of the hierarchy. Indeed, if L = E ◦, we can also write
L = E˜ ∗ where E˜ = E ◦ E (see the second claim in Theorem 5.5).
Thus, since L = E˜ ∗, using the almost hydrodynamically equivalent connection ∇˜
and using (5.7) and (5.8) in canonical coordinates for ∗ we can rewrite equation (8.5)
as [d∇˜X, E˜ ∗] = 0 or
[E˜i − E˜j]∇˜iXj = [E˜i − E˜j ]
(
∂iX
j + Γ˜jji(X
j −X i)
)
= 0. (8.9)
Since E˜i = (E ◦ E)i, we know by the second claim in Theorem 5.5 that in canonical
coordinates for ∗ one has (E ◦ E)i 6= (E ◦ E)j and therefore the above equation is
equivalent to
∂iX
j + Γ˜jji(X
j −X i) = 0.
This means that the tensor fields X ∗ define symmetries of the hierarchy.
Remark 8.2 From the above theorem it follows that, in the semisimple case, equa-
tions (8.4) and (8.5) are equivalent. In the general case one can prove that (8.4)
implies (8.5). Indeed from (8.4) it follows that
ekcijl∇kX l = ekcikl∇jX l = ∇jX i (8.10)
and
Ekcijl∇kX l = Ekcikl∇jX l = Lil∇jX l. (8.11)
Using (8.10) we can write the left hand side as
Ekcijl∇kX l = emEkcijlclkp∇mXp = emEkciplclkj∇mXp = Lljemcipl∇mXp = Llj∇lX i.
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8.1 The flat case: the principal hierarchy
Let us consider more in the detail the case in which the connection ∇ is flat, namely
d2∇ = 0 identically. This automatically implies the following remarkable fact: any
solution X of (8.5) (or of the equivalent equation (8.4)) defines a solution V = d∇X
of (8.3) commuting with L (and viceversa, since due to the triviality of the cohomology
in the flat case, any solution of (8.3) commuting with L can be obtained in this way).
In the flat case, this means that any solution X of (8.5) (or (8.4)) defines two
different commuting flows: one given by
uit1 = c
i
jkX
k ujx, i = 1, . . . , n.
and one given by
uit2 = (d∇X)
i
j u
j
x = c
i
jkY
k ujx, i = 1, . . . , n.
This suggests a recursive procedure to obtain solutions of (8.5) (or (8.4)).
Theorem 8.3 Let X(0) be a solution of (8.5)/ (8.4) then the vector fields defined
recursively by
(d∇X(p+1))
i
k = ∇kX i(p+1) = −ciklX l(p) (8.12)
are still solutions of (8.5)/ (8.4).
Proof [13]. Suppose X(p) is a solution of (8.4) (d∇(c
i
jlX
l
(p)) = 0). This means that the
equation (8.12) admits a solution, let’s say X(k+1). It is easy to check that it satisfies
(8.4). Indeed
cijl∇kX l(p+1) = −cijlclkmXm(p) = −ciklcljmXm(p) = cikl∇jX l(p+1).
The recursion obviously proceeds also in the opposite direction (read the proof from
the right to the left).
In this way starting from X(0) one can define recursively X(1), X(2), X(3), . . . and
X(−1), X(−2), X(−3), . . . . In the negative direction the procedure stops if ∇X(−k) = 0
for some k. The above recurrence relations coincide with the recurrence relations of
the principal hierarchy.
In the next section we study the case of F -manifolds with two compatible equiv-
alent flat connections.
9 Bidifferential calculus and principal hierarchy
With consider now the case of a semisimple F -manifold with two compatible hydro-
dynamically equivalent flat connections ∇(1) and ∇(2).
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The (1, 1) tensor fields V defining the hierarchy satisfy both the equations
d∇(1)V = 0 (9.1)
and
d∇(2)V = 0 (9.2)
Since the connections are flat the equations (9.1) and (9.2) imply
V = d∇(1)X1 = d∇(2)X2,
for two suitable vector fields X1 and X2.
This means that the vector fields X1 is a solution of
d∇(2) d∇(1) X1 = 0. (9.3)
and the vector field X2 is a solution of
d∇(1) d∇(2) X2 = 0. (9.4)
In general, the differential d∇(1) and d∇(2) do not anticommute and therefore we cannot
conclude that X1 and X2 are different solutions of the same equation, let’s say (9.4).
However due to the identity (compare part 3 of Theorem 8.1)
[d∇(1)X,L] = [d∇(2)X,L]. (9.5)
the vanishing of [d∇(1)X,L] implies the vanishing of [d∇(2)X,L] and vice versa. This
means that if V = d∇(1)X defines a symmetry then also V = d∇(2)X defines a sym-
metry and vice versa. In this case
d∇(1)d∇(2)X = 0 = d∇(2)d∇(1)X.
Let us consider now a recursive procedure to find solutions of (9.4) defining sym-
metries.
Theorem 9.1 Equation (9.4) can be solved recursively. More precisely, given a vec-
tor field X(p) satisfying (9.4), the vector field X(p+1) defined by
d∇(1)X(p+1) = d∇(2)X(p). (9.6)
is a new solution of (9.4). Moreover if d∇(1)X(p) commutes with L then also d∇(1)X(p+1)
commute with L.
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Proof: First of all, let us notice that the above recurrence relations are well
defined since the right hand side is d∇(1)-closed. The starting points of the recurrence
relations are the flat vector fields of the connection ∇(1) (obviously we can start from
the flat vector fields of the connection∇(2) exchanging the role of the two connections).
We have to check that the tensor fields obtained using the above procedure commute
with L = E ◦. In other words we have to check that if [d∇(1)X(p), L] = 0 then also
[d∇(1)X(p+1), L] = 0. But this follows from (9.6) and from the fact, already pointed
out, that in the case of hydrodynamically equivalent connections we have the identity
(9.5).
Summarizing, the proposition above provides us with the following Lenard-Magri
chain
0 = d∇(1)X(0,α)
d
∇
(1)
ր
X(0,α)
d
∇(2)ց
d∇(2)X(0,α) = d∇(1)X(1,α)
d
∇
(1)
ր
X(1,α)
d
∇
(2)
ց
d∇(2)X(1,α) = d∇(1)X(2,α)
d
∇
(1)
ր
X(2,α)
d
∇
(2)
ց
d∇(2)X(2,α) = d∇(1)X(3,α)
d
∇(1)ր
X(3,α)
d
∇
(2)
ց
d∇(2)X(3,α) = d∇(1)X(4,α)
d
∇
(1)
ր
X(4,α)
d
∇
(2)
ց
. . .
where (X(0,1), . . . , X(0,n)) is a frame of flat vector fields for ∇(1). The corresponding
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equations of the associated hierarchy are
uit(p,α) = (d∇(2)X(p−1,α))
i
j u
j
x = (d∇(1)X(p,α))
i
j u
j
x, i = 1, . . . , n, p = 1, 2, 3, . . .
Observe that in this case we have additional symmetries given by the flows
uiτ(p,α) = (X(p,α)◦)ij ujx, i = 1, . . . , n, p = 0, 1, 2, . . .
9.1 An important example
In the case of an F -manifold with compatible flat connection ∇(1) we can choose as
second flat connection ∇(2) one of the connections of the one-parameter family:
Γ˜ijk = Γ
i
jk + zc
i
jk.
Let us observe that each new connection is hydrodynamically equivalent to the old
one. Indeed in canonical coordinates the difference between the two connections,
namely the term zcijk, is different from zero if and only if all the indices are equal.
It is interesting to compare the Lenard-Magri chains corresponding to the choice
z = −1 with the recursion relations of the principal hierarchy (8.12). The former can
be written as
∇j(X(p+1) −X(p))i = −cijlX l(p), (9.7)
while the latter are
∇jZ i(p+1) = −cijlZ l(p). (9.8)
Now it turns out that starting from the same vector field, the vector fields X(p) ob-
tained through the Lenard-Magri chain are just a linear combination of those obtained
via the recursion relations of the principal hierarchy Z(l) for 0 ≤ l ≤ p. This is the
meaning of the following:
Proposition 9.2 Let X(k) be the vector fields obtained using the recursion relations
for the Lenard-Magri chains corresponding to the choice z = −1 and let Z(k) be the
vector fields constructed using the recursion relations for the principal hierarchy. Then
if the two systems of recursion relations start at the same point Z(0) = X(0), we have
that the vector fields X(p) can be written explicitly in terms of the vector fields Z(l) as
X(p) =
p∑
k=0
(
p
k
)
Z(k).
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Proof: The proof is a straightforward computation:
∇j(X(n+1) −X(n))i = ∇j
{
n+1∑
k=0
(
n+ 1
k
)
Z i(k) −
n∑
k=0
(
n
k
)
Z i(k)
}
=
= ∇j
{
Z i(n+1) +
n∑
k=1
[(
n + 1
k
)
−
(
n
k
)]
Z i(k)
}
=
= ∇j
{
Z i(n+1) +
n∑
k=1
(
n
k − 1
)
Z i(k)
}
=
= −cijl
{
Z l(n) +
n∑
k=1
(
n
k − 1
)
Z l(k−1)
}
=
= −cijl
{
Z l(n) +
n−1∑
k=0
(
n
k
)
Z l(k)
}
=
= −cijl
{
n∑
k=0
(
n
k
)
Z l(k)
}
= −cijlX l(n)
Remark 9.3 Due to (4.2) and (5.1), the pencil of connections ∇(λ) = ∇(2) − λ∇(1)
in the above example is flat for every λ. As a consequence the differentials d∇(1) and
d∇(2) anticommute and we have a bidifferential complex or, in the language of [3], a
bidifferential calculus.
10 Twisted Lenard-Magri chains and bi-Hamiltonian
recursion relations
Let us consider a semisimple F -manifold endowed with two almost hydrodynamically
equivalent flat connections ∇(1) and ∇(2). In the case of a Frobenius manifold, ∇(1)
is the Levi-Civita connection associated with the invariant metric η and ∇(2) is the
Levi-Civita connection associated with the intersection form g.
In this section, we adapt the construction of the previous section to this new situ-
ation. This will provide us with a twisted system of Lenard-Magri chains that under
specific conditions reduce to the classical system of Lenard-Magri chains but which,
in general, is different.
Like in the case of hydrodynamically equivalent connections, the (1, 1)-tensor fields
V defining the hierarchy satisfy both the equations (9.1) and (9.2) and therefore
V = d∇(1)X1 = d∇(2)X2,
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for two suitable vector fields X1 and X2. It is also still true that if X(p) is a solution
of (9.4) then the Lenard-Magri relation
d∇(1)X(p+1) = d∇(2)X(p).
defines correctly X(p+1). However the next step of the recursion
d∇(1)X(p+2) = d∇(2)X(p+1).
is not well defined since, by construction, X(p+1) is a solution of (9.3) but not of (9.4),
in general. The problem is that the identity (9.5) is no longer satisfied for almost
hydrodynamically equivalent connections. For the same reason if [d∇(2)X(p), L] = 0
then [d∇(1)X(p+1), L] = 0, but, in general [d∇(2)X(p+1), L] 6= 0. In order to keep
the recursion we need an additional step mapping solutions of [d∇(1)X,L] = 0 (and
therefore of (9.3)) into solutions of [d∇(2)X,L] = 0 (and therefore of (9.4)) . As we
will see in a moment this step consists in substituting X(p) with E ◦X(p), giving rise
to a twisted system of Lenard-Magri chains.
Theorem 10.1 Let M be a semisimple F -manifold with eventual identity E and
two almost hydrodynamically equivalent flat connections ∇(1) and ∇(2) (the first one
compatible with ◦ and the second one compatible with ∗) . Then the following twisted
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version of the Lenard-Magri chain holds:
0 = d∇(1)X(0,α)
d
∇(1)ր
X(0,α)
↓
E ◦X(0,α)
d
∇
(2)
ց
d∇(2)
(
E ◦X(0,α)
)
= d∇(1)X(1,α)
d
∇
(1)
ր
X(1,α)
↓
E ◦X(1,α)
d
∇
(2)
ց
d∇(2)
(
E ◦X(1,α)
)
= d∇(1)X(2,α)
d
∇
(1)
ր
X(2,α)
↓
E ◦X(2,α)
d
∇
(2)
ց
d∇(2)
(
E ◦X(2,α)
)
= d∇(1)X(3,α)
d
∇
(1)
ր
X(3,α)
↓
E ◦X(3,α)
d
∇
(2)
ց
. . .
where (X(0,1), . . . , X(0,n)) is a frame of flat vector fields. The corresponding equations
of the associated hierarchy are
uit(p,α) = [d∇(2)
(
E ◦X(p−1,α)
)
]ij u
j
x = (d∇(1)X(p,α))
i
j u
j
x, i = 1, . . . , n, p = 1, 2, 3, . . . .
(10.1)
Proof: If L = E ◦, we have to check that if the vector field X satisfies
[d∇(1)X,L] = 0 (10.2)
36
then the vector field Z = E ◦X satisfies the equation
[d∇(2)Z, L] = 0. (10.3)
The crucial point is the identity
Z ∗ = X◦, (10.4)
which is immediate to check. Since V = X◦ defines a symmetry we have
d∇(1)(Z ∗) = d∇(2)(Z ∗) = 0.
In particular, taking into account (5.1), d∇(2)(Z ∗) = 0 gives c˜ijl∇(2)k Z l− c˜ikl∇(2)j Z l = 0,
where c˜ are the structure constants of ∗. Now in the canonical coordinates for ∗ this
expression is equivalent to ∇(2)i Zj = 0, i 6= j. Indeed it reduces to δij∇(2)k Z i −
δik∇(2)j Z i = 0. This equation is automatically satisfied for i = j = k, and for i 6=
j 6= k 6= i, while for j = i 6= k it gives ∇(2)k Z i = 0. The other cases can be treated
similarly.
Moreover, using canonical coordinates for ∗, one finds that Lij = (E ◦ E)iδij (see
the second claim of Theorem 5.5) and in this system of coordinates equation (10.3)
reads
∇(2)j Z i(E ◦ E)jδjk − (E ◦E)iδij∇(2)k Zj = 0.
or equivalently
[(E ◦ E)k − (E ◦ E)i]∇(2)k Z i = 0.
To conclude the proof we have to show that the recurrence relations
d∇(1)X(p+1,α) = d∇(2)
(
E ◦X(p,α)
)
(10.5)
are well defined, that is
d∇(1)d∇(2)
(
E ◦X(p,α)
)
= 0.
In order to show this, it is enough to show that the tensor field V = d∇(2)
(
E ◦X(p,α)
)
defines a symmetry. But by construction, V commutes with L and satisfied d∇(2)V =
0, since ∇(2) is flat. Therefore by the first point of Theorem 8.1 we have that
d∇(1)V = 0 since ∇(1) and ∇(2) are hydrodynamically almost equivalent, and this
gives the compatibility of the recurrence relations.
Remark 10.2 Notice that the solutions X of the equation (10.3) provide symmetries
of the semihamiltonian hierarchy in two ways similarly to what happens with the
solutions of the equation (10.2). First of all as
uiτ = (d∇(2)X)
i
j u
j
x, i = 1, . . . , n.
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Indeed the (1, 1)-tensor field V = d∇(2)X is diagonal in canonical coordinates for ∗;
indeed this follows from the commutativity with L = E ◦ = (E ◦ E) ∗, because by the
second claim of Theorem 5.5, L is still diagonal with distinct eigenvalues in canonical
coordinates for ∗, and because condition d∇(2)V = 0, which is satisfied by construction,
reduces to (3.3) in canonical coordinates for ∗.
Secondly as
uiτ = (X ∗)ij ujx, i = 1, . . . , n.
Therefore besides the symmetries (10.1) we have also the symmetries
uiτ(p,α) = (X(p,α) ◦)ijujx = (X(p+1,α) ∗)ij ujx, i = 1, . . . , n, p = 0, 1, 2, . . .
To conclude this section, let us consider what happens when the almost hydrody-
namically equivalent connections are associated with a flat pencil of metrics.
Proposition 10.3 Let M be an F -manifold endowed with eventual identity E and
with almost hydrodynamically equivalent connections ∇(1) and ∇(2). If ∇(1) and ∇(2)
are associated with a flat pencil of metrics, then the twisted Lenard-Magri chain (10.5)
coincides with the classical bihamiltonian Lenard-Magri chain.
Proof: In this case, using the flat pencil of metrics, the classical bi-Hamiltonian
recursion relations of Lenard-Magri type (7.11) can be written in the form
g
jl
(1)∇(1)k dh(p+1)l = gjl(2)∇(2)k dh(p)l (10.6)
or
∇(1)k
(
g
jl
(1)dh
(p+1)
l
)
= ∇(2)k
(
g
jl
(2)dh
(p)
l
)
, (10.7)
since ∇(i) is the Levi-Civita connection associated to g(i), i = 1, 2.
If we identify the vector field X(p) with the vector field g
jl
(1)dh
(p)
l we can write (10.7)
as
∇(1)k
(
X
j
(p+1)
)
= ∇(2)k
(
L
j
kX
k
(p)
)
. (10.8)
This is just the recursion relation (10.5).
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